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CHAOTIZATION OF THE SUPERCRITICAL
ATOM
D.U.MATRASULOV
Heat Physics Department of the Uzbek Academy of Sciences,
28 Katartal St.,700135 Tashkent, Uzbekistan
Abstract
Chaotization of supercritical (Z > 137) hydrogenlike atom in the monochromatic
field is investigated. A theoretical analysis of chaotic dynamics of the relativistic
electron based on Chirikov criterion is given. Critical value of the external field at
which chaotization will occur is evaluated analytically. The diffusion coefficient is
also calculated.
PACS numbers: 32.80.Rm, 05.45+b, 03.20+i
Study and synthesis of superheavy elements is becoming one of actual
problems of the modern physics [1, 2]. Fast growing interest to the physics
and chemistry of actinides and transactinides stimulates extensive study
of superheavy elements. One of the main differences which leads to the
additional difficulties in the study of superheavy atoms is the fact that the
motion of the atomic electrons is described by the relativistic equations
of motion due to the large values of the charge of the atomic nucleus. In
this Brief Report we will study classical chaotic dynamics of the relativis-
tic hydrogenlike atom with the charge of the nucleus Z > 137, interacting
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with monochromatic field. Such an atom is called the overcritical atom
[5]-[9]. Quantum mechanical properties of such atom was investigated by
a number of authors [3, 4, 9]. Quasiclassical dynamics of the supercritical
atom was investigated by V.S.Popov and co-workers [5]-[7]. The experi-
mental way of creating the overcritical states are the collision experiments
of slow heavy ions with resulting charge Z1+Z2 > 137 [10, 11, 12]. To treat
chaotic dynamics of the relativistic electron in the supercritical kepler field
we need to write the unperturbed Hamiltonian in terms of action-angle
variables. As is well known [5], for the relativistic electron moving in the
field of charge Z > 137 point charge approximation cannot be applied for
describing its motion i.e. there is need in regularizing of the problem. Such
a regularizing can be performed by taking into account a finite sizes of the
nucleus i.e. by cut off Coulomb potential at small distances:
V (r) =


−Zα
r
, for r > R
−Zαb f( rR) , for 0 < r < R
,
where f( r
R
) is the cut-off function R is the radius of the nucleus, α =
1/137 (the system of units me = h¯ = c = 1 is used here and below).
Further we will take f(r/R) = 1 (surface distribution of the charge). Then
the relativistic momentum defined by
p =
√√√√(ε− V )2 − M
2
r2
− 1,
where ε is the energy of the electron and M its angular momentum, can
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be rewritten as the following:
p =


√
(ε+ Zαr )
2 − M2r2 − 1 for r > R
√
(ε+ ZαR )
2 − M2r2 − 1 for 0 < r < R
,
One of the turning points of the electron (which are defined as a zeros
of the momentum) lies on inside of the nucleus and given by
r1 = M [(ε+
Z
R
)2 − 1]−1
The turning point lying on outside of the nucleus is given by the expres-
sion
r2 =
| εZ | −
√
ε2Z2 − (ε2 − 1)(Z2 −M2)
ε2 − 1
Thus one can write for the action (for Z > M)
πn = I1 + I2, (1)
where
I1 =
∫ R
r1
√√√√(ε+ Z
R
)2 − M
2
r2
− 1 dr
I2 =
∫ R
r1
√√√√(ε+ Z
r
)2 − M
2
r2
− 1 dr
From (1) one can find the Hamiltonian of the relativistic electron in the
field of overcritical nucleus (Z > 137) in terms of action-angle variables:
H0 = ε ≈ − g
Z
c(R, g)exp{−πn
g
}, (2)
where c(r, g) = exp(g − R).
In the derivation of (2) we have accounted that Z ∼ M and ε ∼ 0. The
Kepler frequency can be defined as
ω0 =
dH0
dn
=
π
Z
c(R, g)exp{−πn
g
} (3)
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Trajectory equation for Z > M (for r > R) has the form [17]
Z2 −M2
r
=
√
M2ε2 + (Z2 −M2)ch(φ
√√√√ Z2
M2
− 1) + εZ (4)
For Z ∼M (ε ∼ 0) we have
g2
r
≈
√
M2ε2 + g2(1− φ2)
√√√√ Z2
M2
− 1 + εZ
or
g
r
≈ g(M − φg) + εZ
The trajectory equation for r < R is
1
r
= a0cosφ, (5)
where
a0 = M
−1[(ε+
Z
R
)2 − 1]
To investigate the chaotic dynamics of this atom we will consider the an-
gular momentum as fixed and (Z ≈M).
Consider now the interaction of the supercritical atom with a linearly
polarized monochromatic field
V = ǫcosωtsinθ[xsinψ + ycosψ], (6)
where θ and ψ are the Euler angles.
The full Hamiltonian of the system can be written as
H = −
√
Z2 −M2
Z
exp{− πn√
Z2 −M2}+
ǫcosωtsinθ
∑
(xksinψcoskλ + ykcosψsinkλ), (7)
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where xk and yk are the Fourier components of the electron dipole mo-
ment:
xk =
i
kωT
∫ T
0
eikωtdx =
i
kωT
∫ T
0
eikω(2|εZ|ξ−sinξ)
sinξ{cos 2g
−1
a− cosξ −
1
a− cosξ sin
2g−1
a− cosξ}dξ (8)
and
yk = −iMb
−5/2
kωT
∫ T
0
eikωtsin2ξdξ√
M2cos2ξ − b2 +
i
kωT
∫ T
0
eikω(2|εZ|ξ−sinξ)
sinξ{sin 2g
−1
a− cosξ −
1
a− cosξ cos
2g−1
a− cosξ}dξ (9)
here a =
√
Z2 −M2exp{−πn/√Z2 −M2}, T = 2π/ω0
b = (ε+
Z
R
)2 − 1,
T1 =
(R− r0)
2M
, T2 = T − T1
Calculating the integrals (8) and (9) using the stationary phase method
we have
xk = 0, yk =
R2exp{ pin√
Z2−M2}
πk2
(10)
For the further treatment of the chaotic dynamics of the system one
should find as it was done in [13, 16], resonance width:
∆νk = (8ω
′
0rkǫ)
1
2 ,
where rk =
√
x2k + y
2
k.
Application of the Chirikov criterion to the Hamiltonian (7) gives us
the critical value of the external field at which electron moving in the
supercritical Kepler field enters chaotic regime of motion:
ǫcr =
gc(R, g)exp{−πn/g}
20Zk(k + 12)(
√
rk +
√
rk+1)2
(11)
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Taking into account (10) for the critical field we have
ǫcr = πk
gc(R, g)exp{−2πn/g}
20Z(2k2 + 2k + 1)
(12)
One can also calculate the diffusion coefficient:
D =
π
2
ǫ2R2
c(R, g)Z3
exp{2πn/g} (13)
Thus we have obtained the critical value of the external monochromatic
field strength at which chaotization of motion of the electron moving in the
supercritical Kepler field will occur. As is seen from (12) the this critical
value is rather small i.e. in the supercritical case (Z > 137) electron is
more chaotic than the undercritical (Z < 137) case. This can be explained
by the fact that the level density of the Z > 137 atom is considerably
more (see (2)) than the one for the undercritical atom (see [16]). The
above results may be useful for slow collision experiments of heavy (with
the resulting charge Z1 + Z2 > 137) ions in the presence of laser field.
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